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THE RIEMANNIAN SECTIONAL CURVATURE OPERATOR OF 
THE WEIL-PETERSSON METRIC AND ITS APPLICATION 


YUNHUI WU 


Abstract. Fix a number p > 1, let 5 be a close surface of genus and 
Teich(S) be the Teichmiiller space of S endowed with the Weil-Petersson met¬ 
ric. In this paper we show that the Riemannian sectional curvature operator of 
Teich(S) is non-positive definite. As an application we show that any twist har¬ 
monic map from rank-one hyperbolic spaces i7Q,m = Sp{m, 1)/Sp{m) • Sp{l) 
or Ho ,2 = /SO{9) into Teich(S) is a constant. 


1. Introduction 

Let 5 be a closed surface of genus g where ^ > 1, and Tg be the Teichmiiller 
space of S. Tg carries various metrics that have respective properties. For example, 
the Teichmiiller metric is a complete Finsler metric. The McMullen metric, Ricci 
metric, and perturbed Ricci metric have bounded geometry [TOl [T71 [TB] . The Weil- 
Petersson metric is Kahler [1] and incomplete [3 [26]. There are also some other 
metrics on Tg like the Bergman metric, Caratheodory metric, Kahler-Einstein met¬ 
ric, Kobayashi metric, and so on. In [isKni, the authors showed that some metrics 
listed above are comparable. In this paper we focus on the Weil-Petersson case. 
Throughout this paper, we let Teich(S) denote Tg endowed with the Weil-Petersson 
metric. The geometry of the Weil-Petersson metric has been well studied in the 
past decades. One can refer to Wolpert’s recent nice book |2^ for details. 

The curvature aspect of Teich(S) is very interesting, which plays an important 
role in the geometry of Weil-Petersson metric. This aspect has been studied over 
the past several decades. Ahlfors in [I] showed that the holomorphic sectional 
curvatures are negative. Tromba |24] and Wolpert m independently showed the 
sectional curvature of Teich(S) is negative. Moreover, in [27] the author proved 
the Royden’s conjecture, which says that the holomorphic curvatures are bounded 
above by a negative number that only depends on the topology of the surface, by 
establishing the curvature formula (see theorem 12.411 . Wolf in [25] used harmonic 
tools to give another proof of this curvature formula. After that, people has been 
applying this formula to study the curvature of Teich(S) in more detail. For ex¬ 
ample, in |21j Schumacher showed that Teich(S) has strongly negative curvature in 
the sense of Siu (see [H]) that is stronger than negative sectional curvature. Huang 
in m showed there is no negative upper bound for the sectional curvature. In m 
Liu-Sun-Yau also used Wolpert’s curvature formula to show that Teich(S) has dual 
Nakano negative curvature, which says that the complex curvature operator on the 
dual tangent bundle is positive in some sense. For some other related problems one 
can refer to lailollIIllISIlIilEalEHlEo]. 

Let X G Teich(S). We can view A as a hyperbolic metric on S. One of our 
purposes in this paper is to study the Riemannian sectional curvature operator of 
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Teich(S) at X. The method in this paper is highly influenced by the methods in 
[mEHEz], which essentially applied the curvature formula, the Cauchy-Schwarz 
inequality and the positivity of the Green function for the operator (A — 2)“^, 
where A is the Beltrami-Laplace operator on X. What we need more in this paper 
is the symmetry of the Green function for (A — 2)“^. 

Before giving any statements let us state some neccessary background. Let X 
be a point in Teich(S), and Tx Teich(S) be the tangent space that is identified 
with the harmonic Beltrami differentials at X. Assume that is a basis for 

TxTeich(S), and ^ is the vector fields corresponding to fit. Locally, ti is a holo- 
morphic coordinate around A; let U = Xi + iyi. (xi, X 2 ,..., ccsg-a, j/i, ?/ 2 , j/sg-s) 
gives a real smooth coordinate around X. Since Teich(S) is a Riemannian manifold, 
it is natural to define the curvature tensor on it, which is denoted by i? 

Let rTeich(S) be the real tangent bundle of Teich(S) and A^TTeich(S) be the 
wedge product of two copies of TTeich(S). The curvature operator Q is dehned 
on A^rTeich(S) by QiVi A V 2 , V 3 U) = .R(Vi, U, L 31 U) and extended linearly, 
where Vi are real vectors. It is easy to see that Q is a bilinear symmetric form (one 
can see more details in [12)1. 

Now we can state our first result. 

Theorem 1.1. Let S = Sg be a closed surfaee of genus g > 1 and Teich(S) be the 
Teiehmuller spaee of S endowed with the Weil-Petersson metrie. And let J be the 
almost eomplex structure on Teich(S) and Q be the curvature operator o/Teich(S). 
Then, for any X e Teich(S), we have 

(1) Q is non-positive definite, i.e., Q(A, A) > 0 for all A G A^Tx Teich(S). 

(2) Q{A,A) = 0 if and only if there exists an element B in A^Tx Teich(S) such 
that A = B — J o B. 

J o i? is defined in section 2] 

A direct corollary is that the sectional curvature of Teich(S) is negative [Tl [241127] . 
Normally a metric of negative curvature may not have non-positive definite curva¬ 
ture operator (see m)- 

In the second part of this paper we will study harmonic maps from certain 
rank-one spaces into Teich(S). For harmonic maps, there are a lot of very beautiful 
results when the target is either a complete Riemannian manifold with non-positive 
curvature operator or a complete non-positive curved metric space (see [6l[7][3T]). In 
particular, if the domain is either the Quaternionic hyperbolic space or the Gayley 
plane, different rigid results for harmonic maps were established in [illllig. For 
harmonic maps into Teich(S), one can refer to the nice survey [8]. In this paper we 
establish the following rigid result. 

Theorem 1.2. Let T he a lattice in a semisimple Lie group G which is either 
Sp{m,l) or , and Mod(iS') be the mapping class group o/Teich(S). Then, any 
twist harmonic map f from G/V into Teich(S) with respect to each homomorphism 
p : F —)• Mod(S') must be a constant. 

The twist map / with respect to p means that /(y oY) = p{'-f) o f{Y) for all 7 € F. 
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Plan of the paper. In section[2]we provide some necessary background and some 
basic properties for the operator D = —2(A — 2)“^. In section [3] we establish the 
curvature operator formulas on different subspaces of A^Tx Teich(S) and show that 
the curvature operator is negative definite or non-positive definite on these differ¬ 
ent subspaces. In section |4] we establish the curvature operator formula for Q on 
A^Tx Teich(S) to prove theorem ll.il In section[5]we finish the proof of theorem 1 1.2 1 


Acknowledgments. This paper is part of the author’s thesis. The author is 
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problem to the author and for many suggestions and discussions to help finish this 
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2. Notations and Preliminaries 


2.1. Surfaces. Let S' be a closed surface of genus 5 > 2, and M_i denote the 
space of Riemannian metrics with constant curvature —1, and X = (S, cr|dzp) be a 
particular element of M_i. Diffo^ which is the group of diffeomorphisms isotopic 
to the identity, acts by pull-back on M_i. The Teichmiiller space of S Tg is defined 
by the quotient space 

M_^/Diffo. 

The Teichmiiller space has a natural complex structure, and its holomorphic cotan¬ 
gent space T^Tg is identified with the quadratic differentials Q{X) = q){z)dz^ on 
X. The Weil-Petersson metric is the Hermitian metric on Tg arising from the the 
Petersson scalar product 




P ■ "0 


dzctz 


via duality. We will concern ourselves primarily with its Riemannian part gwp- 
Throughout this paper, we denote the Teichmiiller space endowed with the Weil- 
Petersson metric by Teich(S). 


Setting D = —2(A — 2)“^, where A is the Beltrami-Laplace operator on X, 
we have D~^ = — i(A — 2). The following property has been proved in a lot of 
literature; for completeness, we still state the proof here. 


Proposition 2.1. Let D he the operator above. Then 

(1) D is self-adjoint. 

(2) D is positive. 


Proof of (1). Let / and g be two real-valued smooth functions on A, and u = Df, 
V = Dg. Then 

f Df-gdA = f u ■ {— — {A — 2)v)dA =—— ( u ■ {A — 2)vdA 

Js Js 2 Jg 

= -iy v{A-2)udA = j Dg-fdA, 

where the equality in the second row follows from the fact that A is self-adjoint 
on closed surfaces. For the case that / and g are complex-valued, one can prove it 
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through the real and imaginary parts by using the same argument. 


Proof of (2): Let / be a real-valued smooth functions on X, and u = Df. Then 
f Df ■ fdA = [ u • {--{X — 2)u)dA=-- f {u • (Au) — 2u^)dA 

Js Js ^ 2 Jg 

= 1 ( / \Vu\^ + 2u^dA) > 0, 

2 J s 

where the equality in the second row follows from the Stoke’s Theorem. The last 
equality holds if and only if u = 0. That is, D is positive. For the case that / is 
complex-valued, one can show it by arguing the real and imaginary parts. □ 

For the Green function of the operator —2(A — 2)“^,we have 

Proposition 2.2. Let D be the operator above. Then there exists a Green function 
G{w,z) for D satisfying: 

(1) G{w, z) is positive. 

(2) G{w,z) is symmetric, i.e, G{w,z) = G(z,w). 

Proof. One can refer to [5^ and |17]- ^ 


The Riemannian tensor of the Weil-Petersson metric. The curvature 
tensor is given by the following. Let be two elements in the tangent space 

at X, and 

9a-p = PpdA, 

where dA is the area element for X. 

Let us study the curvature tensor in these local coordinates. First of all, for the 
inverse of we use the convention 

9"^9k3 = ^ik- 

The curvature tensor is given by 

-Ikl ^ dtk • 

Since Ahlfors showed that the first derivatives of the metric tensor vanish at the 
base point X in these coordinates, at X we have 

01 R - 

^ ^ ~ dtW 

By the same argument in Kahler geometry we have 

Proposition 2.3. For any indices i, j, k, I, we have 


( 1 ) ^ijld ~ ^Jjkl ~ 
( 2 ) ^i]kl — ~^ijlk- 
(^) ^ijkl — ^kjfl- 
(^) ^ijkJ ~ ^Ukj- 
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Proof. These follow from formula CD and the first Bianchi identity (one can refer 
to [I3)- n 

Now let us state Wolpert’s curvature formula, which is crucial in the proof of 
theorem 11.11 

Theorem 2.4. (see m) The curvature tensor satisfies 


^ijki — J ' {pkhi)dA A- J 

Definition 2.5. Let /r* be elements € rvTeich(S). Set 
(ij, kl) := I ■ {^ikhi)dA. 


lx 


We close this section by rewriting theorem 12.41 as follows. 

Theorem 2.6. 

R{]ki = 


3. Curvature operator on subspaces of aT|- Teich(S) 

Before we study the curvature operator of Teich(S), let us set some necces- 
sary notations. Let U he a neighborhood of X and {ti,t 2 , ■■■Asg-a) be a lo¬ 
cal holomorphic coordinate on U, where ti = Xi iyi{l < i < 3^ — 3). Then 
(cci, a; 2 ,..., X 3 g_ 3 , ?/i, 2 / 2 j 2 / 33 - 3 ) is a real smooth coordinate in U. Furthermore, 

we have 

d _ d d ^ ^ ^ \ 

dxi dti dU’ dyt * dU dU 

Let TTeich(S) be the real tangent bundle of Teich(S) and A^TTeich(S) be the 
exterior wedge product of T Teich(S) and itself. For any X G U, we have 

Tx Teich(S) = Span{ — {X), ^(-^)}i<ij< 3 g -3 

and 


A^TTeic^S) = Span{^ 


A 

dxi '' dxj ’ dxk " dyi' dym '' dy-n 


A 


Set 


d 


d 


A Tx Teich(S) := Span{— A —}, 

(JJL't CJ Jb n 


d 


d 


A^Tx Teich(S) := Span {-— A —}, 
oxk oyi 


A‘‘Tx Teich(S) := Span{ 


d 


d 


dym dyn 


Hence, 

A^Tx Teich(S) = Span{A'^T^ Teich(S), A^TJ- Teich(S), A^T^ Teich(S)}. 
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3.1. The curvature operator on A2T^Teich(S). Let J2ij be an 

element in Teich(S), where are real. Set 


3g-3 _ 

F{z,w) = ^ aijiJ,i{w) ■ y.j{z). 


The following proposition is influenced by theorem 4.1 in m- 

Proposition 3.1. Let Q be the curvature operator and D = — 2(A — 2)~^, where 
A is the Beltrami-Laplace operator on X. G is the Green function of D, and 
^ element in A^T^ Teich(S), where Oij are real. Then we have 


d d d d 

A—) 

J {j J 

[ D[F{z, z) - 'F{^)){F{z, z) - 'F{^))dA{z) 
Jx 

2- f G{z,w)\F{z,w))\'^dA{w)dA{z) 

Jxxx 

+ 2 • 5R{ / G{z,w)F{z,w)F{w, z)dA{w)dA{z)}, 

Jxxx 


- 2 ■ 


where F{z, w) = aijHi{w) ■ Pj{z). 

Proof. Since ^ ^ from proposition 12.31 

d d sr^ d d 

j j 

— ^ + ^ijkl + ^Ijkl + ^ijkl) 

= ^ — Rijik — FjJki 

= ^ a^jOkiHij, kl) + {fl, kj) - [if, Ik) - {ik, Ij) 

i,j,k,l 

— {ji, kl) — {jl, ki) + {ji, Ik) + {jk, li)) (by theorem 2.6) 

= ^ a^jOki (ij - ji, kl - Ik) 

i,j,k,l 

+ X! kj) + {li,jk)) 

i,j,k,l 

— a,jakiiiilk,lj) + {jl,ki)). 

i,j,k,l 
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For the first term, from definition 12.5 


aijdkiiij - ji, kl - Ik) 




^ ij ij ij ij 

= f D{Fiz, z) - n^)){F{z, z) - n^))dA{z). 

Jx 

For the second term, after applying the Green function G we have 

^ ^ ((^^5 kj ) -j- jk)) — 2 • ^ ^ dijcikii,)d^ kj )j- 

i,l i,l 

= 2 ■ K{ / D(^aijkLijLi)(^akifikFj)dA{z)} 

i k 

= 2 • K{ / / G{w, z)'^aijij.i{w)fiii'w)C^akiHkiz)'Fjiz))dA{z)dA{w)}. 

Jx Jx i 

From the definition of F{z,w), 

aijaki{{fl,kj) + {li,jk)) 

= 2 • 5R{ / G{z,w)F{z,w)F{w, z)dA{w)dA{z)}. 

JxxX 

For the last term, we use an argument similar to that for the second term, 

Y,°-ij°-ki{{ikd3) + (kijl)) = 2 • ^{y^ aijaki{{ik, Ij)} 

i,k i,k 

= 2-R{ D(Yo-i3tJ^iY°'^idk^^ki-i¥j)dA{z)} 

J ^ i k 

= 2-^{ / G{w,z) E aijfii{w)y^^akifJ.k{w){fii{z)fij{z))dA{z)dA{w)} 

JxJx . J, 

From the definition of F(z,w), 

E a^jaki{{ik,lj) + (kijl)) 

i,j,k,l 

= 2 • Ji{ / G{z,w)F{z,w)F{z,w)dA{w)dA{z)} 

JxxX 

= 2 - [ G{z,w)\F{z,w)\’^dA{w)dA{z). 

JxxX 

The conclusion follows from combining the three terms above. 


□ 


Using the Green function’s positivity and symmetry. 

Theorem 3.2. Under the same conditions in vrovosition lKTi Q is negative definite 
on Teich(S). 
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Proof. By proposition 13.II we have 

— A — 

' dxi dx.i 


Q Cy ^ ^ 


^ d d 




dxi dxi 


= f D{F{z,z)-F{z,z)){F{z,z)-F{z,z))dA{z) 

Jx 

— 2-(/ G{z,w)\F{z,w))\'^dA{'w)dA{z) 

JxxX 

— f G{z,w)F{z,w)F{w, z)dA{w)dA{z)}). 

JxxX 

For the first term, since F{z,z) — F{z,z) = 2iS{F(z, z)}, by the positivity of the 
operator Z?, 

f D{F{z, z) - F{z, z)){F{z, z) - F{z, z))dA{z) 

Jx 

= -4- / D{^{F{z,z)}){^{F{z,z)})dA{z) <0. 

Jx 

For the second term, using the Cauchy-Schwarz inequality, 

I j G{z,w)F{z,w)F{w, z)dA{w)dA{z)\ 


IXxX 


< 


< 


|G(z, w)F(z, w)F{w, z)\dA(w)dA{z) 


IXxX 


/ \G{z,w)\\F{z,w)\'^dA{w)dA{z) 

IxxX 


|G(z, r(;)||F(r(;, z)\^dA{w)dA{z) 


IXxX 


= / Giz,w)\F{z,w)\‘^dAiw)dA(z), 

JxxX 

since G is positive and symmetric (see proposition [221) ■ 

Combining these three terms, we get that Q is non-positive definite on Teich(S). 
Furthermore, equality holds precisely when 

9 d d 9 

ij 

that is, there exists a constant complex number k such that both of the following 
hold: 


F{z,z) = F{z,z), 


= k ■ F{w, z). 

If we let z = w, we get fc = 1. Hence, the last equation is equivalent to 

'^{aij - aji)iJii{w)jrf{z) = 0 . 

Since {^>i}i>i is a basis, 


Jjlj - tXjj. 
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This means 'Yhij A = 0. That is, Q is negative definite on Teich(S). 

□ 


3.2. The curvature operator on A^T|- Teich(S). Let bij be real and bij-^ A ^ G 
A2T|-Teich(S). Set 


3g-3 _ 

H{z,w) = ^ b^jfj.i{w) ■ 
i,i=l 

Using a similar computation in proposition 13.11 the formula for the curvature 
operator on Teich(S) is given as follows. 


Proposition 3.3. Let Q be the curvature operator and D be the same operator as 
shown in proposition Let '^ijbij-^ A be an element in A^Tj-Teich(S), 
where bij are real. Then we have 


1 ^ 9 1 9 d 

^ ^ w? 

IJ IJ 

= - [ D{H{z,z) + H{z,z)){H{z,z) + H{z,z))dA{z) 

Jx 


- 2 ■ 


G{z, w)\H{z, w))\'^dA{w)dA{z) 


IXxX 


— 2 Aft{ f G{z,w)H{z,w)H{w, z)dA{w)dA{z),} 
JxxX 


where H{z,w) = Eij=i hjtii{w) ■ fij{z). 


Proof. Since ^ = J- + J=and^=i(^--J=), from proposition [131 

^ dxi dyj ^ dx^ dy, 

~ ~ ^ ^ij^kliRijifl ~ ^ijkl ~ ^IjkJ + ^ijkl) 

- ~ ^ ^ij^kl{Rijifi + Rijik + RjJkJ + 

= — ^ bijbki{{ij, kl) + {it, kj) + {ij, Ik) + {ik, Ij) (by theorem [2i6)) 

i,j,k,l 

+ {ji, kl) + (j7, ki) + (ji, Ik) + {jk, li)) 

= - ^ bijbki(ij + ji, kl + Ik) 

i,j,k,l 

- bijbkiijffkj) + {li,jk)) 

i,j,k,l 

- bijbkiiiik, Ij) + {jl, ki)). 

i,j,k,l 
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For the first term, from definition 12.5 


- ^ bijbki{ij +ji,kl + lk) 

= - hjjj-ipj + bjjfJ-ilTJ + bjjHjJi~)dA{z) 

^ ij ij V ij 

= — [ D{H{z, z) + H{z, z)){H{z, z) + H{z, z))dA{z). 

Jx 

For the second term and the third term, using the same argument in the proof of 
proposition 13.11 we have 

bijbki{{'d,kj) + {li,jk)) 

= 2 • 3fi{ / G{z,w)H{z,w)H{w, z)dA{w)dA{z)} 

JxxX 


and 


hjbki{{ik,lj) + {ki,jl)) 

i,j,k,l 


= 2 • 


G{z, w)\H{z, w)\^dA{w)dA{z). 


IXxX 


Combining these three terms we get the proposition. 


□ 


Using the same method in theorem l3.21 one can prove the following non-positivity 
result. 

Theorem 3.4. Under the same conditions of proposition\3^ then Q is non-positive 

\2 t-2 


definite on Teich(S), and the zero level subsets of Q{-,-) are 

h . — —h X 
dVi' ~ 


Proof. Let ^ element in Teich(S). From proposition 13.31 

we have 

,9 d , d i9 , 

^ A —) 

IJ IJ 

= — [ D{H{z,z)H{z,z)){H{z,z)H{z,z))dA{z) 

Jx 

— 2(- f G{z,w)\H{z,w))\‘^dA{w)dA{z) 

JxxX 

Ai{ f G{z,w)H{z,w)H{w, z)dA{w)dA{z)}). 

JxxX 

For the first term, since H{z, z)-\- H{z,z) = 2 ■ 3?{iJ(z, z)}, by the positivity of the 
operator D, 

— f D{H{z, z)H{z, z)){H{z, z)H{z, z))dA{z) 

Jx 

= -4 / D{ift{H{z,z)}){^{H{z,z)})dA{z) <0. 

Jx 
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For the second term, using the Cauchy-Schwarz inequality, 

I f G{z,'w)H{z,w)H{w, z)dA{w)dA{z)\ 


IXxX 


< 


< 


|G(z, w)H{z, w)H{w, z)\dA{w)dA(z) 


IXxX 


/ \G{z,w)\\H{z,w)\'^dA{w)dA{z) 

IxxX 


|G(z, w)\\H(w, z)\^dA{w)dA{z) 


IXxX 


= / G{z,w)\H{z,w)\^dA{w)dA(z), 

JxxX 

since G is positive and symmetric. 

Combining these two terms, we get Q is non-positive on Teich(S). 

Using the same argument as in the proof of theorem 13.21 

if and only if there exists a constant complex number k such that both of the 
following hold: 


H{z,z) = -H{z,z), 


\H{z,w) = k ■ H(w, z). 

If we let z = w, we get k = —1. Hence, the last equation is equivalent to 

+ bji)ii^{w)jr;{z) = 0 . 


Since is a basis. 


bij — bji. 


□ 


3.3. The curvature operator on A^T|-Teich(S). Let J be the almost complex 
structure on Teich(S). Since {U} is a holomorphic coordinate, we have 

j 9 9 j 9 d 

dxi dyi dy^ dxt 

Since the Weil-Petersson metric is a Kahler metric, J is an isometry on the tangent 
space. In particular we have 

R(Vi,V2,V3,Vi) = R(3 Vi,3V2,3V3,3V4) 

= R(3Vi,3V2,V3, 14) = i?(Ui, U2, JUa, JV 4 ), 

where R is the curvature tensor and Vi are real tangent vectors in rjcTeich(S). 
Once can refer to [12] for more details. 
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Let C = ^ ^ be an element in Teich(S), where are real. 


Set 


3g-3 _ 

K{z,w) = Cijfii{w) ■ Hj{z). 
i,j='3 

Proposition 3.5. Let Q he the curvature operator, and ^ af” 

element in A^T|-Teich(S). Then we have 

d d ^ d d 


a 

dvi 


JX 


2 . / G( 

JXxX 

2 -a?! 

- 

dxi ~ 

'XxX 

- T — 

■ ati 


■ J^ and J is an isometry, by proposition 12.31 

d 9 d d 

‘-J 

= Yh + ^ijkl + ^ijkl + ^Ijkl) 

\ d d \ d ^ \ 

= A—). 

ij '^3 


By Droposition l3.ll 


d . d d d , 

’ ’57“ ^ 'a7~ ) 






[ D{K{z, z) - K{z, z)){K{z, z) - K{z, z))dA{z) 
Jx 

G{z, w)\K{z, w))\'^dA{w)dA{z) 

JXxX 

+ 2 Afi{ I G{z,w)K{z,w)K{w, z)dA{w)dA{z)}. 

JXxX 


lx 
- 2 ■ 


□ 


Using the same argument as in the proof of theorem 13.21 we have 

Theorem 3.6. Let Q be the curvature operator as above, then Q is a negative 
definite operator on A^T^ Teich(S). 

4. Curvature operator on a'^Tx Teich(S) 

Every element in A^Tx Teich(S) can be represented by (oy ^ A -^+bij A 

— + r- — A —1 

dVj ^ dvi dvj )■ 







CURVATURE OPERATOR 


13 


Proposition 4.1. Let Q he the curvature operator. Then 
d d , d d d d 

^3 

d d , d d d d . 

^ dxi ^ dxj dxi ^ dyj dyi ^ dyj 

'^3 

,9 9,9 9 I ^ I ^ ^ \ 

where dij = atj + c^. 


Proof. Since the almost complex structure J is an isometry and J = 
have 


we 


9 d d d 

dxi ^ dxj ’ dpi ^ dyj 


7 ?rA A tA tA^ 

^dxi^dxf dx,' dxj’ 

E(— A A A^ 

^dx,' dxj' dx,' dxj’ 


and 


d d d d 

dx^ ^ dyj ’ dyi ^ dyj 


7?rA A tA tA^ 

^dxi^dyj' dx,' dxj’ 


= R{ 


d d d d 

dxi ’ dyj ’ 9xi ’ Sxj 


The conclusion follows by expanding Q and applying the two equations above. 

□ 


If one wants to determine whether the curvature operator Q is non-positive 
definite on A^Tx Teich(S), by proposition 14.11 it is sufficient to see if Q is non¬ 
positive definite on S’panjA^T^ Teich(S), Teich(S)}. 

Proposition 4.2. Let Q be the curvature operator, '^^j o,ij-^ A he an element 
in A^T^ Teich(S), and '^ij ^ij^r A he an element in Teich(S). Then we 
have 

d d d d 

^ ^ A’ ^ ^ ^ W? 

IJ 

= i f D{F{z,z) - F{z,z)) ■ {H{z,z) + H{z,z))dA{z) 

Jx 

— 2 • 5{ / G{z,w)F{z,w)F[{z,w))dA{w)dA{z)} 

JxxX 

— 2 • S{ / G{z,w)F{z,w)F[{w,z)dA{w)dA{z)}. 

JXxX 
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Proof. Since ^ = J- + J=and^=i(^-J=), by proposition O 

d d d d 

f'J f'J “* 

= (“*) ^ + Rijki ~ ^ijk~i + 

i,j,k,l 

— (“*) ~ ^ijlk ^jlkl ^jJik) 

i,j,k,l 

= (-i) a^jbkl{-{ij, kl) - (U, kj) - {ij, Ik) - (ik, Ij) 

i,j,k.,l 

+ {ji, kl) + (jl, ki) + {ji, Ik) + {jk, li)) (by theorem 12.611 

= (-i) a^jbki{ji-ij,kl + lk) 

i,j,k,l 

+ (-i) a^jbki{-{'i!,kj) + {li,jk)) 

i,j,k,l 

+ (-i) X! a^jbM(,-{'ik,lj) + {fl,ki)). 

i,j,k,l 

For the first term, by definition 12.51 


aijbkiiji - ij, kl + Ik) 

i,j,k,l 

= L^(E Ea.,. ik'j)C^ bkilJ-klki + y] bkiHiHk)dA{z) 

ij ij kl kl 

= f D{F{z,z) - F{z,z)){H{z,z) +H{z,z))dA{z). 

Jx 

For the second term, by using the Green function G oi D, 
kj) + {H,jk)) 

i,l 

= 2i ■ Q{y^ aijbki{-{fl, kj)} 

= -2 i-Q'{/ D(^aijkiiTii)(^bkikikTh)dA{z)} 

^ i k 

2i Q{ / G{w,z) i{w)fii{w)(^bkifkk{z)fkj{z))dA{z)dA{w)} 

JxJx 


= -2i • ' 


= -2i • 


i - f G{z^ w)F{z, w)H{w^ z)dA{w)dA{z)}. 

JxxX 
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For the last term, 

+ {ki,jl)) = -2i • Q{^aijbki{ik,lj)} 
i,k i,k 

= -2iQ{ D(^aijfii'^bkiiik)ifJ-i'pj)dA{z)} 

^ i k 

= —2i Q{ / G{w,z)'^aijfj.i{w)'^bkifik{w){fj,i{z)'JIj{z))dA{z)dA{w)} 

JxJx , 


= —2i • / G{z,w)F{z,w)H{z,w)dA{w)dA{z)}. 

Jxxx 

Combining these three terms above, we get the lemma. □ 


The following proposition will give the formula for curvature operator Q on 
Span{A^Tj^ Teich(S), A^T|- Teich(S)}. Setting 


^ = E 


dxi ^ dxj 




d 


d 


dxi dyj ’ 


on S'panlA^T^ Teich(S), A^T|-Teich(S)}, we have 

Proposition 4.3. Let Q be the curvature operator on Teich(S). Let A = 
^ and A Then we have 


Q{A + B,A + B) = 

—4 f D{Q{F{z,z) + iBi{z,z)}) ■ (Q{F{z,z) + iH{z,z)})dA{z) 

J X 

—2 f G{z,w)\F{z,w) + iF[{z,w))f dA{w)dA{z) 

J XxX 

+2 f G{z,w){F{z,w) + iH{z,w)){F{w,z) + iH{w,z))dA{w)dA{z)}, 
J XxX 

where F{z, w) = aijp,i{w) ■ p.j{z) and H{z,w) = bijp.i{w) ■ pij{z). 

Proof. Since Q{A, B) = Q{B, A), 


Q{A + B,A + B) = Q{A, A) + 2Q{A, B) + Q{B, B). 
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By Droposition l3.ll proposition 13.31 and proposition 14.21 we have 
Q{A + B, A + i?) 

= {[ D{F{z,z)-n^)){F{z,z)-T{^))dA{z) 

Jx 

— [ D{F[{z,z) + F[{z,z)){F[{z,z) + F[{z,z))dA{z) 

Jx 

+ 2i • / D{F{z,z) - F{z,z)){F[{z,z) + F[{z,z))dA{z)) 
Jx 

( — 2 - / G{z,w)\F{z,w))\'^dA{w)dA{z) 

Jxxx 


- 2 


G{z, w)\FI(z, w))\‘^dA{w)dA{z) 


IXxX 


— 4 • SJ{ / G{z,w)F{z,w)F[{z,w))dA{w)dA{z)}) 

JxxX 

( + 2 Afi{ f G{z,w)F{z,w)F{w, z)dA{w)dA{z)} 

Jxxx 

— 2 Afi{ f G{z,w)F[{z,w)H{w, z)dA{w)dA{z)} 

JxxX 

— 4:-Q{f G{z,w)F{z,w)F[{w, z)dA{w)dA{z)}). 

JxxX 

The sum of the first three terms is exactly 

-4 f D{Q{F{z,z)+ iF[{z,z)}) ■ {Q{F{z,z)+ iF[{z,z)})dA{z). 

Jx 

Just as |a + i6p = |ap + |6p + 2-3(a-6), where a and b are two complex numbers, 
the sum of the second three terms is exactly 


- 2 - 


G(z, w)\F{z, w) + iH{z, w))fdA{w)dA{z). 


JXxX 

For the last three terms, since 


’A{F[z,w) ■ H{w,z)) = -^{F{z,w) ■ {iH{w,z))), 
the sum is exactly 

2 • 5R{ A G{z, w){F{z, w) + iH{z, iv)){F{w, z) + iH{w, z))dA{iv)dA{z)}. 
J XxX 


□ 


Furthermore, we have 

Theorem 4.4. Under the same conditions as in proposition \4-.3[ Q is non-positive 
definite on Span{A'^Tfi- Teich(S), tU‘T\ Teich(S)}, and the zero level subsets ofQ{-, ■) 
a|- ^ afj; Span{A'^T^ Teich(S), Teich(S)}. 
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Proof. Let us estimate the terms in proposition 14.31 separately. For the first term, 
since is a positive operator, 

— f D{?s{F{z, z) + iH{z, z)}) • (3{F(z, z) + iH{z, z)})dA{z) < 0. 

Jx 


For the third term, by the Cauchy-Schwarz inequality, 


G{z,w){F{z,w) + iH{z,w)){F{'w,z) + iH{w, z))dA{w)dA{z)\ 


G{z, w)|(F( 2, w) + \H{z,w))(F{w, z) + iH{w, z))\dA{w)dA{z) 


'L 

" L _ 

< .i f G{z,w)\{F{z,w) + iF[{z,w))\'^dA{w)dA{z) 

y Jxxx 

X i f G{z,w)\{F{w,z)+ iF[{w,z))\‘^dA{w)dA{z) 

y Jxxx 

= f G{z,w)\{F{z,w) + iH{z,w))f dA{w)dA{z). 

JxxX 

The last equality follows from G{z, w) = G{w, z). 

Combining the two inequalities above and the second term in proposition l4.31 we 
see that on S'pan{A^r^ Teich(S), A^T|-Teich(S)} Q is non-positive definite. Fur¬ 
thermore, Q{A + B,A + B) = 0 if and only if there exists a constant k such that 
both of the following hold: 

jlm{F{z,z) + iH{z,z)} = 0, 

w) + iH{z, w) = k ■ {F{w, z) + iF[{w, z)). 

If we let z = 1 C, we get k = 1. Hence, the second equation above is 

ij 

Since is a basis, 

O’ij — Ojij bij = bji- 

That is, H = 0 and B = ^ afj. where bij = -bji. 

Conversely, if A = 0 and B G ^ is not hard to 

apply proposition 14.31 to show that Q{A + B, A + B) = 0. □ 

Before we prove the main theorem, let us define a natural action of J on A^Tx Teich(S) 
by 

" T o A A 

dxi dxj ■— dvi dvj > 

Jo 7^ ^ := -7^ 7i^ = 75^ 7^. 

oxi oyj oyi oxj oxj oyi ’ 

Jo7^A^:=^A-^, 

^ ^y% ^Xii ^x j 

and extend it linearly. It is easy to see that J o J = id. 

Now we are ready to prove theorem ll.il 


Proof of Theorem II.II It follows from proposition 14.11 and theorem 14.41 that Q is 
non-positive definite. 

If A = C — J o C for some a C G A^Tx Teich(S). Then it is easy to see that 
Q{A, A) = 0 since J is an isometry,. 
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Assume that A G A^Tx Teich(S) such that Q(A,A) = 0. Since A^TTeich(S) = 


A 


d 


Span{ A 73^ , 75 - , ^ 75 — , 75 - 

^ oxi oxj ’ oxk oyi ’ oy 

^ = E 


A g|-}) there exists aij,bij, and c^- such that 


d d , d d d d 

"H ^ "H "a ^ "a "o ^ "a 

UXi ^Xj (JXi ^Uj ^Vi ^Uj 


Since Q(A^A) = 0, by proposition 14.11 and theorem 14.41 we must have 




OjjA ~\~ CjA — d'i 


That is, 


Set 




^ d d bi~ d d 


Claim: A = C - J o C. 


Since 


Similarly, 


ij dxi ^ d% ~ ®ii) 3 xi ^ d% ’ have 

, sr^ d d d d 

E ^ ^ a — 

IJ 1 <,J 

^ 9 9 ^ d d 

= _^(c,^._c,,)_A—= -)^C7,—A—. 

1 <^J 


•s;^,bij d d . _ bij d d 

° E^y^ ^ “ “E ^ 


The claim follows from the two equations above. 


□ 


5. Harmonic maps into Teich(S) 

In this section we study the twist-harmonic maps from some domains into the 
Teichmiiller space. Before we go to the rank-one hyperbolic space case, let us state 
the following lemma, which is influenced by lemma 5 in [32) . 

Lemma 5.1. Let M he either Hq^rn = Sp{m,l)/Sp{m)-Sp{l) or Ho ,2 = /SO{^). 

Then the rank-one Hyperbolic space M cannot be totally geodesically immersed into 
Teich(S). 

Proof. For Hq^rn = 5'p(m, 1)/S'p(m), we assume that there is a totally geodesic 
immersion of Hq^m into Teich(S). We may select p € Hq m- Choose a quaternionic 
line Iq on TpHq^m, and we may assume that Iq is spanned over R by u, Iv, Jv, and 
Kv. Without loss of generality, we may assume that J on Iq C TpHq^m is the same 
as the complex structure on Teich(S). Choose an element 

V A Jv Kv A Iv G A^TpHq m- 
Let be the curvature operator on Hq^rn- 

QHq.m (-y A Ja -I- Kv A Iv, v A Jv + Kv A Iv) = 

^aq.m jy) + xv, Iv) + 2- {v, Jv, Kv, Iv). 


CURVATURE OPERATOR 


19 


Since I is an isometry, we have 

R^^'^{Kv,Iv,Kv,Iv) = R^'^’^{IKv,IIv,IKv,IIv) 

— {—Jv, —V, —Jv, —v) 

— R^Q-^(^v,Jv,V,Jv). 

Similarly, 

R^^'"'{v,Jv,Kv,Iv) = R^^-"'{v,Jv,IKv,IIv) 

— Jy^ — Jv, —v) 


Combining the terms above, we have 

(^ /\ _|_ Ry /\ Jy^ ^ /\ _|_ Ry /\ Jy'j = Q. 


Since / is a geodesical immersion, 

QTeichlS)!'^ A Ju + Kv A Iv,v A Jv + Kv A Iv) = 0. 

On the other hand, by theorem ll.il there exists C such that 
V A Jv + Kv A Iv = C — 3 o C. 

Hence, 

(2) J o (u A Ju + Kv A Iv) 

= 3o{C-3oC) = 3oC-3o3oC = 3oC-C 
= —{v A Jv + Kv A Iv). 

On the other hand, since J is the same as J in Hq^m, we also have 

(3) J o (i; A Ju + Kv A Iv) = {Jv A J Jv + JKv A JIv) 
= Jv A (—v) + Iv A (—Kv) = V A Jv + Kv A Iv. 

From equations ([2]) and ([3]) we get 

V A Jv + Kv A Iv = 0, 


which is a contradiction since Iq is spanned over R by v,Iv, Jv, and Kv. 

In the case of the Cayley hyperbolic plane IIo ,2 = F™/SO{^), the argument is 
similar by replacing a quaternionic line by a Cayley line ([4]). □ 


Now we are ready to prove theorem 1 1.21 


Proof of theorem \l.J[ Since the sectional curvature operator on Teich(S) is non¬ 
positive definite, Teich(S) also has non-positive Riemannian sectional curvature in 
the complexified sense as stated in m- Suppose that / is not constant. From the¬ 
orem 2 in [19] (also see |6]), we know that / should be a totally geodesic immersion, 
which contradicts lemma ISTTl Hence, / must be a constant. □ 

Remark 5.1. In [32] it is shown that the image of any homomorphism p from F to 
Mod(S') is finite. Hence, p(r) must have a fixed point in Teich(S) from the Nielsen 
realization theorem (one can see [IllSD]). If we assume that there exists a twist 
harmonic map / with respect to this homomorphism, then by theorem ll.2l we know 
p{T) c Mod(S') will fix the point /(G/F) e Teich(S). 
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Remark 5.2. Conversly, if one can prove that for any homomorphism p from F to 
Mod(S') there exists a twist harmonic map / from G into the completion Teich(S) of 
Teich(S) such that the image /(G) C Teich(S), theorem 1 1.2 1 tells us that the image 
/9(r) fixes a point in Teich(S); hence, the image /9(r) is finite because Mod(S') acts 
properly on Teich(S). 
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